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Abstract
Development of quantum gravity theories rarely takes inputs from experimental physics. In this letter, we take a small step towards
correcting this by establishing a paradigm for incorporating putative quantum corrections, arising from canonical quantum gravity
(QG) theories, in deriving falsifiable modified dispersion relations (MDRs) for particles on a deformed Minkowski space-time. This
allows us to differentiate and, hopefully, pick between several quantization choices via testable, state-of-the-art phenomenological
predictions. Although a few explicit examples from loop quantum gravity (LQG) (such as the regularization scheme used or the
representation of the gauge group) are shown here to establish the claim, our framework is more general and is capable of addressing
other quantization ambiguities within LQG and also those arising from other similar QG approaches.
1. Introduction and motivation
It is well-known that the lack of experimental evidence repre-
sents one of the main obstacles in our search for a theory of
QG [1–4]. In the absence of observations, researchers often
rely on less dependable principles, such as ‘beauty’ and ‘natu-
ralness’, as guidance for advancing QG proposals [5]. Working
within a given approach, one is then usually forced to choose
between quantization ambiguities, often on the same footing
theoretically, by following one’s personal penchants or other
questionable criteria. In this letter, we relate different quantiza-
tion schemes, which have been proposed in the LQG literature
[6–9], to different predictions for observable quantities. And
by doing so, we lay down a framework to distinguish between
them using observations.
LQG is a non-perturbative, background-independent approach
to quantize gravity [10, 11], with significant accomplishments
such as ‘singularity resolution’ in various cosmological and black-
hole scenarios [12, 13]. However, as in other QG models, con-
clusions typically depend on various quantization choices. So
far very little work has been directed towards understanding
whether these formal alternatives affect physical outcomes. Among
other reasons, this is largely a consequence of the fact that the
complexity of the full-fledged theory has created a gap between
technical results and potential observations.
Remarkably, recent results in symmetry-reduced LQG mod-
els which, in particular, has focussed on the study of quantum
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symmetries in the presence of LQG-inspired corrections [14–
18], have unanimously discovered the fact that general covari-
ance should be modified by such quantum effects. These modi-
fications amount to a deformation of the brackets closed by the
gravitational constraints which generate space and time gauge
transformations. Here, we outline a path to derive MDRs cor-
responding to the modified brackets and show that quantiza-
tion ambiguities leave their imprints on the form of the MDR.
This would suggest that different quantization schemes adopted
(and often treated interchangeably) are not equivalent and, con-
ceivably, might be distinguished thanks to forthcoming tests
of Planck-scale departures from special relativistic symmetries
[4, 19–22].
Although we focus on particular quantization choices char-
acteristic to LQG (such as the choice of the Immirzi parameter,
the regularization scheme used or the dimension of the gauge
group), we shall unequivocally demonstrate that our analysis is
general enough to include other such ambiguities in LQG as
well as for corrections coming from other canonical QG ap-
proaches.
Throughout the paper we work with natural units if not
specified differently.
2. Deformed covariance and modified dispersion relations
One of the newest results in LQG is the emergence of non-
classical space-times structures [23–31]. These departures from
smooth classical space-time manifolds can be meaningfully traced
back to quantum modifications of the so-called hypersurface
deformation algebra (HDA), which encodes covariance in the
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Hamiltonian formulation of classical general relativity [32]. In
fact, since the structure function appearing in the classical HDA
is the inverse of the spatial metric hab on the hypersurface (see
e.g. [33] as well as the equation below), then it is believed that
any modification (usually by a phase-space function, β) to it
points towards a deformation of the space-time geometry. The
common feature of LQG models is that only the bracket be-
tween two generators of normal deformations (or the Hamilto-
nian constraint) is affected:
{HQ[N],HQ[M]} = D[βhab(N∂bM − M∂bN)] . (1)
Gauge transformations generated by constraints (H1 and D for
normal N lapse and tangential Na shifts respectively) represent
coordinate freedom in classical canonical gravity. The closure
of the brackets assures there is no violation of the gauge sym-
metries, but the modification in the above equation implies a
deformed notion of covariance [17, 18, 30].
It is known that the Poincare´ algebra, which describes sym-
metries of Minkowski space-time, can be derived as a special
case from the classical HDA in a systematic manner [33, 34]
(see below for a short review of the procedure). Not surpris-
ingly, LQG-deformations of the HDA turn into corresponding
deformations of the Poincare´ algebra [35–37]. As a conse-
quence, as first shown in [38], the familiar dispersion relation
(for massless particles), E2 = p2, does not hold true anymore
and is replaced by more complicated expressions.
Usually, due to the complexity of QG theories, MDRs are
either parametrized as a generic series expansion in (inverse)
powers of mPl with some unknown coefficients, i.e. E2 ' p2 +
a1 p3/mPl + a2 p4/m2Pl (where a1, a2, . . . , an are to be determined
experimentally) as a purely phenomenological ansatz, or de-
rived in simplified models (see e.g. [4, 39–42]). Taking the
opposite direction here, we compute MDRs from a fundamen-
tal QG theory – LQG – and, thus, contribute to bridge the gap
between top-down and bottom-up approaches. From this per-
spective, our work is also part of an ongoing effort [37, 43]
aimed at characterizing the Minkowski limit of LQG, and ex-
ploring if there is any relation to non-commutative geometries
[44–47] as a way to characterize the so-called spacetime fuzzi-
ness or foaminess [48–51].
2.1. Deriving MDRs from deformed-HDA
In this section, we take the Minkowski limit of the LQG-deformed
HDA and eventually prove that it affects the dispersion relation
through a corresponding deformation of the Poincare´ algebra.
The full deformed-HDA is given by
{D[Ma],D[Na]} = D[L ~MNa],
{D[Na],HQ[M]} = HQ[L~N M],
{HQ[M],HQ[N]} = D[βhab(M∂bN − N∂bM)] .
(2)
In order to reduce to the flat limit, one has to restrict to linear
lapse and shift functions, which correspond to linear coordinate
1The superscript ‘Q’ implies that we are dealing with the LQG quantum-
corrected Hamiltonian constraint here.
changes, i.e.
Nk(x) = ∆xk + Rki x
i N(x) = ∆t + vixi (3)
and, at the same time, to flat spatial hypersurfaces i.e. hi j ≡ δi j.
With these restrictions one can prove that the infnite set of gen-
eral diffeomorphisms reduce to the finite subset of Poincare´
transformations. It is then possible to read off the commuta-
tors between the Poincare´ generators directly from the HDA.In
particular, from {D[Ma],D[Na]} one can derive {Ji, J j}, {Ji, P j},
and {Pi, P j} (Ji being the generator of rotations and Pi that of
spatial translations), while {Ji,N j}, {P0, J j}, {Ni, P j} and {Pi, P0}
(Ni being the generator of boosts and P0 that of time transla-
tions) can be obtained from {D[Na],HQ[M]}, and finally from
{HQ[M],HQ[N]} one gets {Ni,N j} and {Ni, P0}. In the appendix,
we explicitly illustrate the case of rotations as an example.
Let us start with the spherically-symmetric reduction of Hamil-
tonian gravity in Ashtekar-Barbero variables (see e.g.[52]) in
the presence of LQG deformations. In this case the ADM fo-
liation [32] allows to decompose the space-time manifold as
M = R×Σ =M1+1 ×S 2, whereM1+1 is a 2-dimensional man-
ifold spanned by (t, r) and S 2 stands for the 2-sphere. Given
that, the line element reads
ds2 = −N2dt2 + hrr(dr + Nrdt)2 + hθθ(dθ2 + sin2 θϕ2) , (4)
where the shift vector is purely radial, i.e. N i = (Nr, 0, 0), due to
spherical symmetry, and, consequently, we are left only with ra-
dial diffeomorphisms generated by D[Nr] =
∫
drNrHr (where
Hr is the only non-vanishing component of the momentum den-
sity) and, time transformations, generated by H[N] =
∫
drNH
(where H is the Hamiltonian density). The components of the
spatial metric (hrr, hθθ) can be written in terms of rotationally
invariant densitized triads which are given by:
E = Eai τ
i ∂
∂xa
= Er(r)τ3 sin θ
∂
∂r
+
+Eϕ(r)τ1 sin θ
∂
∂θ
+ Eϕ(r)τ2
∂
∂ϕ
, (5)
where τ j = − 12 iσ j represent SU(2) generators. The densitized
triads are canonically conjugate to the extrinsic curvature com-
ponents, which, in presence of spherical symmetry, are conve-
niently described as follows
K = Kiaτidx
a = Kr(r)τ3dr + Kϕ(r)τ1dθ+
+Kϕ(r)τ2 sin θdϕ .
(6)
For the simplest case including only local holonomy corrections
[53, 54], with γ ∈ R and j = 1/2, the deformation β takes the
form
β = cos(2δKϕ) , (7)
where δ is a regularization parameter, related to the square root
of the minimum eigenvalue of the area operator.
As already discussed in [37], the main difficulty lies in the
fact that LQG-deformations in the HDA arises in the form of the
structure function getting modified by a function of the phase
2
space variables, while deformations at the level of the Poincare´
algebra usually implies modification of the algebra generators
[41, 42]. As a way out, it is then convenient to find a way to
write β in terms of symmetry generators (see also [35, 36, 38]),
and for this purpose, it is valuable to notice that observables of
the Brown York momentum [55],
P = 2
∫
∂Σ
d2zυb(napiab − napiab) , (8)
can be identified by extrinsic curvature components provided
one makes a suitable choice for δ ∝ |Er |− 12 . In Eq.(8), we have
that υa = ∂/∂xa, na is the co-normal of the boundary of the
spatial region Σ, and piab plays the role of the gravitational mo-
mentum (while the over barred symbols in the above equation
are the same functions but evaluated at the boundary). From
this, it is possible to establish that the radial Brown-York mo-
mentum Pr is related to the extrinsic curvature component Kϕ
in the following way
Pr = − Kϕ√|Er | . (9)
Thus, we also have that
β = cos(λPr) , (10)
where λ is a parameter of the order of the Planck length (λ ∼
1/mPl2).
At this point we can implement the Minkowski limit by tak-
ing N = ∆t + vrr and Nr = ∆r in Eq.(3), and one finds from
Eq.(2) that it is characterized by a deformed commutator
[Br, P0] = iPr cos(λPr) . (11)
Since only the Poisson bracket involving two scalar constraints
is quantum corrected (see Eqs. (2)), the other commutators are
undeformed, i.e. [Br, Pr] = iP0 and [P0, Pr] = 0. This deriva-
tion shows how the modifications of the HDA translate into a
corresponding departure from the standard special-relativistic
symmetry structure. Planck-scale deformations of special rel-
ativity have been already considered by many authors (see e.g.
[39, 40] for Doubly Special Relativity proposals) within the
framework of QG and some of the most interesting results ad-
mit a mathematical formulation in terms of Hopf algebras or
quantum groups [41, 42]. A first attempt to interpret Eq. (11)
as a Hopf algebraic structure has been done by one of us in
[37]. The interested reader can also take a look at [43] for a
different discussion along the same lines and drawing similar
conclusions. A major obstruction which prevents from reaching
a conclusive result is the lack of information on the coalgebra
structure, which is usually the trademark of non-trivial mod-
ifications of standard Lie algebras. However, independent of
its relation with quantum groups, the above commutator can be
written in terms of ADM charges which are directly connected
to boundary observables or stress-energy components [32], as
2Keep in mind that its exact value also depends on quantization ambiguities.
noticed already in [23]. Thus, one should not be allowed to
arbitrarily choose the generators of the algebra [23]. What is
more, in light of this, the authors of [23] suggest that the deriva-
tion of Poincare´ deformations from the HDA may contribute
to solve the issue regarding the choice of basis on momentum
space which represents an element of ambiguity in the current
literature.
For our purposes, it is important to see that this symme-
try deformation implies a modification of the mass Casimir (for
massless particles) of the form (as an be verified by a straight-
forward check by the reader)
P20 =
∫
β(Pr)PrdPr , (12)
whose explicit expression depends on the particular corrections
implemented. For instance if β is given by Eq. (10) then we
obtain
P20 = −2λ−2 + 2λ−2(cos(λPr) + λPr sin(λPr)) (13)
and, thus, upon the identifying P0 ∼ E and Pr ∼ p, we find
the modified on-shell relation E2 = −2λ−2 + 2λ−2(cos(λp) +
λp sin(λp)). In the next section we give the MDR for different
deformation functions β which have been motivated by recent
LQG-based analyses appeared in the literature.
2.2. Immirzi parameter
As explicitly shown above, the resulting MDR is determined by
β which, in turn, depends on quantization choices within LQG
as is crucial to our goal. For instance, a real or complex-valued
Barbero-Immirzi parameter γ [56, 57], a free parameter within
LQG, generates quantitatively different MDRs [38]. Here we
give the leading order correction to the dispersion relation for
a real-valued γ (set to 1) and an imaginary γ (with a S U(1, 1)
gauge choice [58])3, which can be calculated from the modified
mass-Casimir due to the holonomy-corrected HDA [38]. (The
full expressions for the MDRs are compared in Fig. (1a).)
E2 ' p2 − p
4
4m2Pl
+ O
(
1/m4Pl
)
γ ∈ R, (14)
E2 ' p2 + p
4
4m2Pl
+ O
(
1/m4Pl
)
γ = i. (15)
Thus, if we were able to distinguish the sign (or even more op-
timistically the full coefficient) of the leading correction from
experimental data, then it would be possible to single out a pre-
ferred choice for γ by using observations. In particular, it is
easy to realize that the former equation would allow subluminal
motion v' 1− 3E2/(8 mPl)2, while according to the latter MDR
one would have v' 1+3E2/(8 mPl)2 implying superluminal mo-
tion. In the next paragraph, we show that similar considerations
apply also to other formal choices such as the regularization
scheme adopted to define quantum operators.
3Both these calculations have been done for the fundamental spin represen-
tation.
3
2.3. Regularization schemes
Even for a real-valued γ, conclusions still depend on other quan-
tization ambiguities. Holonomy-corrections in LQG arise from
regularizing the curvature operator in terms of holonomies of
connections instead of the connections themselves. There are
two main ways, which are somewhat misleadingly called the
the ‘holonomy’ (HR) and ‘connection’ regularizations (CR) [59,
60], in which one can carry this out. In the former case, one uses
the holonomy of a square plaquette to regularize the curvature
operator while in the latter case, one uses open holonomies for
achieving it.
Similarly, the dimension (or spin) of the representation also
plays a crucial role in the regularization procedure. Although
there are sometimes justifications provided for using the funda-
mental representation in symmetry-reduced models in the form
of choosing highly fine-grained states by packing them with
a collection of units carrying the smallest quanta of geometry
[61], this is somehow in contrast to the full theory where the
states depend on different spin-labels. The spin-ambiguity in
LQG also affects dynamics as the Hamiltonian constraint oper-
ator depends on its choice [60, 62, 63].
Without going into details, it is important to point out that
these are quantization ambiguities which are peculiar to LQG
and also have impact on the dynamics of the theory. Following
the procedure we explained above, we derived MDRs (see next
section for the full expressions) for different spin-representations
j [8, 62, 63] as well as for the two different curvature-regularization
schemes which exist in the literature. In Fig. (1b), as an illus-
trative example, we compare MDRs for j = 1 representation for
the these two different regularization schemes (the two regular-
ization schemes match only for the fundamental spin-1/2 rep-
resentation but disagree for higher spins). Their leading-order
expansions are
E2 ' p2 − p
4
4m2Pl
+ O
(
1/m4Pl
)
, HR. (16)
E2 ' p2 − p
4
m2Pl
+ O
(
1/m4Pl
)
, CR. (17)
The common conclusion of these LQG corrections we obtain
is that they are suppressed by two powers of the Planck mass,
thereby being beyond our present experimental prowess but pos-
sibly detectable in the not-so-distant future (see e.g. [4] and
[19] for a discussion on the perspectives of QG phenomenology
and some encouraging estimates in astrophysical contexts). A
well-known and extensively explored way to constrain MDRs
comprises looking at the effect of in-vacuo dispersion [64], a
direct consequence of energy-dependent modifications of parti-
cles’ dispersion relations, with both photons [65–74] and neu-
trino data [75–78], and, perhaps, also combined soon with grav-
itational wave measurements [79, 80]. It is not unconceivable
that we may be able to explore O(1/m2Pl) effects by combining
three pivotal complementary factors: the collection of larger
samples, the improvement of experimental sensitivities, and multi-
messenger detections.
Once we have access to these terms, as shown by our anal-
ysis, it might be possible to discriminate between such choices
from the form of the MDR. Then, our results may provide a
criterion for settling a wide class of quantization ambiguities.
In fact, we stress that all the apparatus laid out in this work
is applicable for any deformation function β arising from an-
other QG approach, and not just the ones appearing in LQG, as
long as the deformation appears only in the quantum-corrected
Hamiltonian operators (as in (1)). Of course, for LQG, this
method is easily generalized to other quantization ambiguities
not considered here. While the derivation of full expressions
for MDRs corresponding to different choices of the Immirzi
parameter has been addressed in [38], those for different reg-
ularization choices and spin-representations are summarized in
the next section.
2.4. Full expression of MDRs for regularization schemes
The deformation functions for the HR scheme are listed below
corresponding to different spin-representations.
1. β 1
2
= cos(2δKφ) for holonomies calculated in the j = 1/2
representation;
2. β1 = cos3(δKφ) − sin4(δKφ) − 74 sin(δKφ) sin(2δKφ)
+ 34 sin(2δKφ)
2 for holonomies calculated in the j = 1 rep-
resentation;
3. β 3
2
= − sin2(δKφ)+ 125 sin(δKφ)4− 910 sin(δKφ)6+cos(δKφ)2(1+
9
2 sin(δKφ)
4) − 3910 sin(δKφ)3 sin(2δKφ) + sin(2δKφ)2(− 95 +
9
10 csc(δKφ) sin(2δKφ)) for holonomies calculated in the
j = 32 representation.
Taking the Minkowski limit we can find a correspondingly
deformed Poincare´ algebra and, then, a modification of the energy-
momentum dispersion relation. Explicitly, for massless parti-
cles:
1. E2 = −2 + 2(cos(p) + p sin(p)) for spin j = 1/2;
2. E2 = − 34 − cos( 12 p) + cos(p) + cos( 32 p) − 14 cos(2p) −
p
2 sin(
p
2 )+ p sin(p)+
3
2 p sin(
3
2 p)− p2 sin(2p) for spin j = 1;
3. E2 = − 2340 − 35 cos( p2 )+ 1380 cos(p)+ 910 cos( 3p2 )+ 38 cos(2p)−
3
10 cos(
5p
2 )+
3
80 cos(3p)− 310 p sin( p2 )+ 1380 p sin(p)+ 2720 p sin( 3p2 )+
3p
4 sin(2p) − 3p4 p sin( 5p2 ) + 980 p sin(3p) for spin j = 3/2.
The β for different spin-representations of the CR scheme
are as follows
1. β 1
2
= cos(2δKφ) for holonomies calculated in the j = 1/2
representation;
2. β1 = cos4(δKφ)+sin(δKφ)4− 32 sin(2δKφ)2 for holonomies
calculated in the j = 1 representation;
3. β 3
2
= sin2(δKφ)+ 245 sin
4(δKφ)− 185 sin6(δKφ)+cos2(δKφ)(1+
18 sin4(δKφ)) − 185 sin2(2δKφ) for holonomies calculated
in the j = 32 representation.
The corresponding (unexpanded) forms of the MDRs, for
the above-mentioned βs, are given below.
1. E2 = −2 + 2(cos(p) + p sin(p)) for spin j = 1/2;
2. E2 = − 12 + 2( 14 cos(2p) + 12 p sin(2p)) for spin j = 1;
3. E2 = 110 +2×10−16 p2− 1120 cos(p)+ 310 cos(2p)+ 320 cos(3p)−
11
20 p sin(p) +
3
5 p sin(2p) +
9
20 p sin(3p) for spin j = 3/2.
For all the above calculations, we put the Immirzi parameter
and the Planck length to 1 for simplifying the notation.
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Figure 1: The graphs compares different MDRs obtained for LQG holonomy-
corrections, within different quantization schemes: on the top (a), the orange
plot represents the S U(2) case with real γ while the blue plot corresponds to
the choice of a purely imaginary γ implemented in the S U(1, 1) gauge. They
are both in the fundamental representation. On the bottom (b) we have two
MDRs, both calculated for a real γ and in the j = 1 representation, but using
two different methods of regularizing the field strength: the green plot for the
‘holonomy’ regularization and the red plot for the ‘connection’ regularization.
The orange plot in (a) and either of the plots in (b) compares MDRs for different
spin values, 1/2 and 1 respectively. We set mPl ≡ 1.
3. Summary
Recent results in LQG have discovered that the symmetries of
quantum space-time are deformed compared to the gauge struc-
ture of general relativity as made explicit in the modification
of the HDA. In this work we have shown that, by taking the
Minkowski limit of the deformed HDA, one can derive MDRs
which are sensitive to several quantization ambiguities through
the form of the deformation function. Thus, forthcoming tests
of the dispersion relation may allow us to differentiate between
different quantization schemes adopted in LQG by using exper-
imental observations. Furthermore, we have outlined a method
to accommodate other choices not addressed in this letter, such
as the effect of the vacuum state in LQG [81], on MDRs. The
importance of these choices become paramount in their ramifi-
cations for the development of the theory, such as for black-hole
entropy calculations (depends on γ) [82] or for calculating the
spectral dimension [83, 84] (depends on the spin of the repre-
sentation).
Further explorations are needed in order to fully understand
the nature of these quantum modifications of the HDA. A few
steps have been already taken in this direction [28, 37, 43], es-
pecially in the attempt to link them to the known structure of
Hopf algebras. Here, we have laid a foundation for construct-
ing phenomenological falsifiability conditions for such defor-
mations, dependent on quantization ambiguites within LQG, to
be verified by incipient data. We hope this may motivate ad-
ditional efforts in the QG research community directed both at
deriving deformed HDA in other approaches and at investigat-
ing the connection between deformations of the HDA and de-
formations of the Poincare´ algebra.
Appendix: rotations as spatial diffeomorphisms
In this section we explicitly show how to derive the bracket be-
tween two generators of rotations, i.e. {Jl, Jk}, from the HDA.
Rotations are generated by the momentum constraint D[N i],
since they produce tangential deformations of the hypersurfaces,
with shift vector given by N i = Rilx
l =  i jlϕ jxl (where  i jl is the
Levi-Civita symbol and ϕ j stands for the angle of a rotation
around the j axis). This can be easily understood as follows.
Let us introduce a local Cartesian frame on gi j and consider a
rotation around the z axis (i.e. we are choosing j = 3). Then, the
rotated coordinates are obtained just adding N i =  i3lϕ3xl to the
starting coordinates (x, y, z). In fact, we have that x′i = xi + N i
since in this way we find x′ = x − ϕ3y, y′ = y + ϕ3x, and
z′ = z, as we could expect. Having proven that D[N i] accounts
for rotations, let us derive the Poisson bracket between two
Lorentz generators of infinitesimal rotations (i.e. {Jl, J j}) from
the hypersurface deformation algebra. In light of the above
discussion, this can be done by inserting N l =  likϕi1xk and
M j =  jmnϕm2xn into
{D[N l],D[M j]} = D[LN i M j] (18)
5
and, doing so, we obtain
LN i M j = N i∂iM j − Mi∂iN j
=  ilkϕl1xk jmnϕm2δni −  imnϕm2xn jlkϕl1δki
= (δl jδkm − δlmδk j)ϕl1ϕm2xk
−(δm jδnl − δmlδn j)ϕl1ϕm2xn
= ϕ j1ϕk2xk − ϕl1ϕ j2xl
= − jlkltsϕt1ϕs2xk = − jlkϕl3xk (19)
This means that the right-hand side of Eq. (18) (i.e. the re-
sult of combining two rotations) is still a momentum constraint
that implements infinitesimal rotations by an amount ϕl3xk =
ltsϕt1ϕs2xk or, in other words, we have shown that {Jl, J j} =
l jk Jk.
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